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We introduce an effective field theory approach that describes the motion of finite size objects
under the influence of electromagnetic fields. We prove that leading order effects due to the finite
radius R of a spherically symmetric charge is order R2 rather than order R in any physical model,
as widely claimed in the literature. This scaling arises as a consequence of Poincare´ and gauge
symmetries, which can be shown to exclude linear corrections. We use the formalism to calculate
the leading order finite size correction to the Abraham-Lorentz-Dirac force.
Radiation reaction in classical electrodynamics has a
long and interesting history. It was first solved for a non-
relativistic point particle by Abraham and Lorentz. The
relativistically covariant result was derived some years
later by Dirac1 and is given by the ALD equation
mx¨µ = Fµext + F
µ
self
= Fµext +
2
3
e2
4pi
(
...
xµ − ...x ν x˙ν x˙µ) (1)
where Fµext is the external force accelerating the charge.
Corrections to the point particle limit have been in-
vestigated in the literature in the past. However, as we
will show in this letter, these corrections have yet to be
treated properly. Worldline repararmeterization invari-
ance (RPI) restricts the finite size corrections to have
the form
F
µ
self =
∞∑
n=0
Inω
µν
n
(
∂
∂τ
)n
x¨ν (2)
where the In are coefficients that depend on the charge
distribution of the object. The tensors ωµνn ensure or-
thogonality of the equation with x˙µ and will in general
depend on proper time derivatives of xµ leading to non-
linear powers of the acceleration and its derivatives. For
a given charge distribution, the above equation can be
expanded in a power series in R, the size of the object,
F
µ
self = F
µ
0 +RF
µ
1 +R
2F
µ
2 + · · ·+RnFµn + · · · . (3)
A calculation of the non-relativistic self force, neglect-
ing the nonlinear powers of the acceleration and its
derivatives, can be found in the classic text by Jackson
[1] where the force for an arbitrary spherical charge dis-
tribution is given by
Fself = −2
3
∞∑
n=0
(−1)n
n!
In
(
∂
∂t
)n
x¨, (4)
1 We use naturalized Heaviside-Lorentz units with c = 1.
with
In =
∫
d3x′
∫
d3x ρ(x′)|x− x′|n−1ρ(x). (5)
For a charged shell, the sum can be done explicitly giving
Fself =
2
3
e2
2R2
v(t− 2R) [v(0) = 0]
=
2
3
e2
(
− 1
R
x¨+
...
x − 2
3
Rx(4) + · · ·
)
. (6)
The first term is the usual infinite self-energy of the point
particle which renormalizes the mass, the second term is
the ALD radiation reaction, and the third is the first
finite size correction proportional to the size R of the
object. This result was covariantized in Ref. [2–4] for
relativistic motions, which exhibits a similar expansion
in powers of R. In this letter, we utilize the worldline
formalism developed in Ref. [5] to show that symmetries
prohibit linear corrections in Eq. (6) and its generaliza-
tion in Ref. [2–4], or more generally in Eq. (3), for a
spherically symmetric charge distribution.
The method used in this paper to calculate the radia-
tion reaction is based on an effective field theory (EFT)
approach developed in Ref. [5]. The worldline action for
a point particle
S(0) = −m
∫
dτ + e
∫
dτ vµAµ (7)
is systematically augmented by interactions with increas-
ing powers of the radius. All terms consistent with the
symmetries (i.e., Poincare´, gauge and RPI) are included.
The additional terms, in the augmented point-particle
action, have coefficients that encapsulate the structure
of the charged object, including finite size effects, sus-
ceptibility, etc. Given some model for the charged object
these coefficients can be fixed by a matching calculation.
To calculate the equations of motion we apply the
Euler-Lagrange equations to the highly non-local effec-
tive action obtained by integrating out the electromag-
netic field,
exp
{
iSeff [J ]} =
∫
DAµ exp {iSEM + iSpp} (8)
2e e
FIG. 1: The Feynman diagram giving the effective action,
which when varied leads to the ALD radiation reaction equa-
tion, Eq. (1). The wiggly line represents a retarded photon
and the double line indicates the charge’s worldline, which is
to be viewed as an external source coupling to the photon.
The dot represents the coupling of the photon to the charge.
where SEM is the electromagnetic action and Spp is the
point particle action. In practice, we utilize a diagram-
matic approach as in quantum field theory. Classical
physics results from calculating the “tree level” Feynman
diagrams. The “usual” Feynman rules for scattering pro-
cesses (found in quantum field theory textbooks) must
be slightly modified to incorporate the retarded bound-
ary conditions on the field at the level of the action.
For the calculations presented below, the modifications
amount to using the retarded propagator for the photon
line, which can be justified using the “in-in” formalism
[6]. We begin by demonstrating how to obtain the ALD
equation from the point particle action.
The leading order radiation reaction (i.e., ALD) equa-
tion, Eq. (1), follows by calculating the Feynman diagram
shown in Fig. 1. In this figure the double line represents
the worldline of the particle, the dots are insertions of the
v · A operator2, and the wiggly line represents the prop-
agator for the vector field Aµ. The result of evaluating
Fig. 1 is
Fig. 1 = iSeff0 = (ie)2
∫
dλ dλ′ vα(λ)vβ(λ′)
× 〈Aα(x(λ))Aβ(x(λ′))〉ret . (9)
The two point function above is replaced by the retarded
propagator in the Lorentz gauge
i
〈
Aα(x)Aβ(y)
〉
ret
= Dretαβ (x− y) (10)
=
gαβ
2pi
θ(x0 − y0)δ[(x− y)2]
and the effective action Seff0 is varied with respect to the
most recent time parameter3 giving
F
µ
0 (τ) = −e2(gµαvβ − gµβvα) (11)
×
∫
dλ vα(λ)∂βDret
(
x(τ) − x(λ))
2 For historical reasons the term “operator” is used despite the
obvious classical nature of this problem.
3 This restriction follows from simple physical arguments and can
be proven using the in-in formalism.
where τ is the proper time of the charge. This equa-
tion diverges when λ → τ . To proceed further we fol-
low a trick introduced by Coleman [7]. Define z2 =
[x(τ) − x(λ)]2 and use z as the new affine parameter for
the integral in Eq. (11). For simplicity, we set τ = 0.
The derivative acting on the retarded propagator can be
written as
∂β =
xβ(z)− xβ(0)
z
d
dz
(12)
so that, after integrating by parts, Eq. (11) becomes
F
µ
0 =
e2
2pi
(gµαvβ − gµβvα) (13)
×
∫
∞
0
dz δ(z2)
d
dz
[
vα(z)
xβ(z)− xβ(0)
z
]
.
Expanding the expression inside the square brackets
about z = 0 gives
d
dz
[
vα(z)
xβ(z)− xβ(0)
z
]
=
(
x′′αx
′
β +
1
2
x′αx
′′
β
)
+ z
(
x(3)α x
′
β + x
′′
αx
′′
β +
1
3
x
(3)
β x
′
α
)
+O(z2) (14)
where the primes denote differentiation with respect to z.
The order z0 term above yields a divergence that, after
performing the contractions, can be written as[
e2
4pi
∫
dz δ(z2)
]
aµ. (15)
This can be absorbed into a redefinition of the bare mass
term in the point particle action and is the usual infinite
self energy of a charged point particle.
The order z term in Eq. (14) contributes a finite piece,
which after the contractions is
F
µ
0 =
2
3
e2
4pi
(
...
xµ − ...x ν x˙ν x˙µ) , (16)
the ALD self-force. Higher orders in z give no contri-
bution. We are thus able to exactly reproduce the ALD
equation using the point particle worldline action.
At this point, we can go beyond the point particle
description by including higher order operators in the
worldline action. For a spherical charge distribution,
meaning that there are no inherent parameters describ-
ing the shape other than the radius in the instantaneous
rest frame, the first possible operator consistent with
Poincare´ invariance, RPI and gauge symmetry that can
be added to the action enters at order R2,
S(2) = −m
∫
dτ + e
∫
dτ vµAµ + C2R
2
∫
dτ O2, (17)
where
O2 =
vµaνF
µν
v2
3describes an acceleration-induced dipole moment on the
charge and C2 is an unknown coefficient at this point.
The factor of v2 is inserted to ensure RPI for a generic
affine worldline parameterization. The numerical value of
C2 depends on the shape of the charge distribution and
can only be determined from a matching calculation.
Note that there are no operators consistent with the
symmetries at order R for a spherically symmetric charge
distribution. Operators that enter at higher order in R
come with either more derivatives or more fields. The
operators that are Lorentz invariant that could enter at
order R would be
vµA˙
µ
√
v2
,
aµA
µ
√
v2
,
√
v2∂µA
µ, or
√
v2AµA
µ. (18)
While these operators are Lorentz invariant, they are not
gauge invariant, so they must be excluded. Thus the
first correction enters at order R2. In addition, if the
object is not polarizable then gauge and time-reversal
invariance ensures that all higher order corrections enter
with even powers of R. If, in an undisturbed state, the
charge were not spherically symmetric, then we would
need to introduce some auxiliary geometric objects to
describe its orientation, which, in turn, would then allow
for new sets of operators.
As an example of a matching calculation, we will de-
termine C2 for the case of a spherical shell of charge.
To accomplish this we match the result of calculating
any observable, for which the operator O2 contributes,
using both the worldline action and “full” electrodynam-
ics. In this case, it is simplest to calculate the power ra-
diated by a charged spherical shell undergoing harmonic
oscillation. The calculation using electrodynamics was
previously done in Ref. [8]. The power radiated can be
obtained from Eq. (39) of that paper and gives, after
expanding for small R,
PEM =
2
3
e2
4pi
[
x¨
2 − R
2
3
...
x
2 + · · ·
]
. (19)
Doing the same calculation using the worldline action is
straightforward using standard field theory techniques.
The power is given by
PWL =
1
2T
∫
d3k
(2pi)3
|J˜(k)|2 (20)
where J˜(k) is the Fourier transform of the current. In
our case,
|J˜(k)|2 =
∫
dτ dτ ′eik·[x(τ)−x(τ
′)]
{
e2vµ(τ)ε
µvν(τ
′)εν + eC2R
2
[
vµ(τ)aν(τ)ik
[µεν]vα(τ
′)εα + h.c.
]
+ · · ·
}
. (21)
After summing over polarizations and taking the nonrel-
ativistic limit we obtain
PWL =
2
3
e
4pi
[
ex¨2 − 2C2R2...x2 + · · ·
]
. (22)
By equating the expression for PWL with PEM, we find
C2 for a charged, spherical shell to be
Cshell2 =
e
6
. (23)
To calculate the first finite size correction to the ALD
equation, Eq. (1), we follow the same method used above
but instead with the action in Eq. (17). To include the
finite size effects we calculate the two diagrams shown in
Fig. 2. Again, the “in-in” formalism dictates the use of
the retarded propagator for the photon line and the vari-
ation will be taken only at the most recent time. After a
lengthy but straight-forward calculation, the finite part
of the order R2 correction to the ALD equation is
F
µ
2 =
4
3
eC2R
2
[(
x(5)µ − x(5)ν x˙ν x˙µ
)
(24)
+2
...
xρx˙ρ (
...
xµ − ...x ν x˙ν x˙µ)− 2x¨µx(4)ν x˙ν
]
.
There is also a divergent term that, if regulated by a
high frequency cut-off Λ, grows linearly with Λ and is
proportional to
eC2R
2Λ
(
x(4)µ − x(4)ν x˙ν x˙µ
)
. (25)
This term cannot be absorbed into the particle’s mass
and charge. On dimensional grounds, the divergence can
only be absorbed by including O(R) terms into Eq. (17),
such as C
∫
dτ A2(τ), which are all gauge-violating. How-
ever, it is well-known that a cut-off regularization scheme
can break gauge-invariance by inducing gauge-violating
counter terms into the theory. This happens, for exam-
ple, with the photon self-energy in quantum electrody-
namics (see e.g., [9]). Of course, one should regularize
the divergences in a manner that preserves the gauge
symmetry by using, for example, dimensional regulariza-
tion which automatically sets all power-divergent inte-
gals, such as Eq. (25), to zero. Only logarithmic diver-
gences are physically relevant and, if present, lead to a
classical renormalization group flow for the coupling con-
stants of the effective theory [5].
If we use the matching coefficient in Eq. (23) for a
spherical shell of charge, then the order R2 correction to
4e C2 eC2
FIG. 2: Feynman diagrams needed for the first finite size cor-
rections to the ALD equation. The ⊗ represents the coupling
of the photon to the operator O2.
the ALD equation in Eq. (24) becomes
F
µ
2,shell =
2
9
e2R2
[(
x(5)µ − x(5)ν x˙ν x˙µ
)
(26)
+2
...
x ρx˙ρ (
...
xµ − ...x ν x˙ν x˙µ)− 2x¨µx(4)ν x˙ν
]
.
To arrive at this result using canonical methods, the cal-
culation of the radiation reaction must be done starting
from a completely relativistic theory for the motion of
a charged sphere. Such a calculation was explored in
the contribution by Pearle in Ref. [10] by calculating in
the instantaneous rest frame as proposed by Fermi [11],
Wilson [12], Kwal [13], and Rohrlich [14]. Pearle did
not derive the result in Eq. (26). However, by applying
Eq. (9.26) from that chapter to a spherical shell of charge
one can obtain Eq. (26). Furthermore, it is easy to see
that the corrections which arise in this methodology arise
with only even powers of R for any spherical charge den-
sity, just as the effective theory predicts on symmetry
grounds.
Within the EFT approach this relativistic charged
spherical shell model would have vanishing coefficients for
the operators responsible for generating multipole sus-
ceptabilities. This is consistent with the fact that the
formalism used in Ref. [10] does not include the effects
of charge mobility. In the EFT approach the suscept-
abilities are generated by operators quadratic in the field
strength. The dipole susceptabilities are accounted for
by including two new operators in the action
Ssusc = CER
3
∫
dτ FµνF
µν + CBR
3
∫
dτ vµvνFµρF
ρ
ν .
(27)
The resulting corrections to the ALD equation arising
from the inclusion of these operators will be presented in
a forthcoming paper [15].
To understand the difference between our result in
Eq. (26), which includes terms nonlinear in the accel-
eration and its derivatives, and Eq. (6) we can also use
the result of Pearle [10]. If we start from Eq. (9.26) of
that chapter and first take the nonrelativistic limit be-
fore expanding in the size of the object then we obtain
Eq. (6). However, the order of limits does not commute
and the correct result will only arise when one takes the
small radius limit first.
In summary, we have utilized the worldline effective
theory formalism to describe the motion of an extended
charge distribution interacting with an electromagnetic
field. We have shown that any accelerated spherically
symmetric charge distribution experiences self-force cor-
rections due to its finite size beginning at order R2 in-
stead of order R, as claimed in the literature. Poincare´
and gauge symmetries prevent any order R terms from
appearing. Our effective theory description is also a
model-independent way to describe charge distributions
with non-vanishing susceptabilities by including the oper-
ators in Eq. (27). It also possible to extend the formalism
to allow for absorptive effects [16] and spin [17].
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